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MATHEMATICS 
ON GENERALIZATIONS OF A FORMULA OF HEINE 
BY 
B. MEULENBELD 
(Communicated by Prof. J. F. KoKSMA at the meeting of May 27, 1961) 
HEINE [1] p. 78 proved the wellknown formula 
(1) 
where Pk(z) and Qk(u) are functions of Legendre, and z and ~t are 
points of the complex domain with a cross-cut along the real axis from 
- oo to 1, satisfying the inequality: 
This means that z lies in the interior, and u in the exterior of an arbitrary 
ellips with foci at ± l. In the present paper we derive generalizations 
of (1), and for the sake of brevity we put: 
iX=k+t(m+n), {J=k-t(m-n), y=k+t(m-n), o=k-t(m+n). 
The extension in the most general form is the' following: 
For m and n arbitrary, real or complex, with Rem< 1 and Re n> -1, 
and u and z lying as mentioned above we have : 
) 
enim 2n-m (u-1)im (~)tn = 
u-z z-1 u+1 
= ~ (2k-m+n+ 1) T(k-m+n+ 1) T(k-m+ 1) P[!·n(z) Q[!·n(u). 
k~o k! T(k+n+ 1) 
(2) 
The functions Pkm,n(z) and Qkm,n(z) are the specified linearly independent 
solutions of the differential equation: 
d2w dw { m2 n2 } (1-z2) dz2 - 2z dz + k(k+ 1)- 2(1-z)- 2(1 +z) w = O, 
introduced by KUIPERS and the author in [2]. 
The proof is based on an important theorem of SzEGo [3 ], th. 9. 2. 1 : 
For Rem> -1, Re n> -1 we have: 
(3) l ~ (2k+m+n+ 1) k! T(k+m+n+ 1) p (m,n)(z) Q (m,nl(u) = k~o 2m+n+l T(k+m+ 1) T(k+n+ 1) k k 
_ .l (u-1)-m (u+ l)-n 
-
2 U-Z ' 
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where Pk<m,n>(z) is the polynomial of Jacobi, and Qk<m,n)(u) is tho Jacobi's 
function of the second kind (notation of Szego). 
These last functions are connected with the generalized Legendre 
functions in the following way: 
(4) ) 
Pk(m,n>(z) = F(mt~ +I) 2"(z -I)-!m (z + 1 )-!n P;;m· -n(z), 
. rm k I Qk<m,n)(z) = e"'m ( :! + ) 2"(z-l)-!m (z+ 1)-h Q;;m· -n(z). 
See [4 ]. 
By substituting (4} in (3) we obtain: 
(5) ) 
I (2k+m+n+ I) 2n-m F(k+m+n+ I) F(k+m+ I) 
k~o k! F(k+n+ l) 
(u-1)-!m (u+ 1)-!n · 
e"im (z-1)-!m (z+ I)-t" P;;m· -n(z) Q;;m· -n(u) = u _ z 
By changing m into -m, and applying [5], (4) and (5), we find (2) 
valid for Rem< I, Re n> -1. 
Remarks. I. For m=n the formula (2) becomes 
er:im { (u-I) (z+ I)}!m =I (2k+ I) F(k-m+ I) pkm(z) Qkm(u) 
u-z (n+ I) (z-I) k~o F(k+m+ I) ' 
mlid for -I<Rem<I, where Pkm(z) and Qkm(u) are the associated 
Legendre functions. 
2. If m is an integer, in (5) we may apply the formulas (see [5], Remark 
th 2, and (7)): 
F(/3 +I) F(o +I) R -m,-n(z) = 2m-n R m,n(z) 
k F(,x+ I) F(y+ I) k ' 
where R denotes both P and Q, and we find: 
(6) 
( -1)m 2n-m (z-1)!m (z+ I)!"= 
u-z u-I n+ 1 
= ~ lc! (2k+m+n+ I) F(k+n+ I) Fm,n'z) Qm·"(n) 
k-=-o F(k+m+ 1) F(k+m+n+ I) '" \ '" 
(rn = 0, I, 2, ... ; Re n >-I). 
Moreover, if m, nand f(m+n) are non-negative integers, (6} may also be 
written in the form: 
(-I)m2n-m (z-I)!m(z+I)!n oo f31 01 
-- -- = z (2k+ 1) -·-· pkm,n(z) Qkm,n(u). 
11,-Z U-I n+ I k=!(m+n) iX! y! 
30 Series A 
For m=n (7) reduces to 
( -l)m (z2-I)lm 
u - z ( u2 - 1 )lm 
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This result was obtained otherwise by VAN SPIEGEL m his thesis [6] 
p. 31. 
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